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Abstract

We investigate the stability of the value function and the set of its maximizers for a parametric
optimization problem according to Berge’s maximum theorem. To accomplish this, we use varia-
tional convergence notions for perturbing both the function and the multifunction. Our findings
are applied to generalized Nash equilibrium problems and to finite-horizon dynamic programming

models.
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1 Introduction

The classical Berge’s maximum theorem [9] holds significant relevance in fields such as economic
theory, optimal control, and optimization theory. For instance, in demand theory, it is concerned

with an agent’s optimal consumption concerning prices and income, while in capital theory, with the
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optimal investment strategy based on the existing capital stock. Berge’s maximum theorem plays a
pivotal role in addressing these issues, as it confirms the continuity of the value function and the upper
semicontinuity of the optimal choice. The former property has been used in existence theorems and
characterization results for dynamic programming, whereas the latter one has been used in applying

fixed point theorems of Kakutani type.

The stability of optimization problems is of paramount importance due to the inherent inaccuracy
of such problems. This inaccuracy stems from various sources, including predictive errors in forecast-
ing certain data inputs (such as future demands or returns), measurement errors in empirical data
(such as parameters of devices or processes), implementation errors during computation (including
approximations and rounding), and system errors in mathematical modeling. As a result, the solution
obtained is, at best, an approximation to the true solution. In order for this approximate solution
to be practically useful, decision-makers need access to stability information about the problem that

depends on variations of the data.

For the parametric optimization problem according to Berge’s maximum theorem, the stability
analysis consists of studying the convergence of the value functions and the solution set multifunctions,
when the data (objective function and feasible multifunction) are subject to variations via variational
convergence notions. Zolezzi [37] studied the stability of the value function at fixed parameter. Lignola
and Morgan [22] studied the stability of the value function and of the solution multifunction w.r.t.
perturbations of the objective function and of the feasible multifunction. Our results complement
those in [22, 37] and shed new light on them since we use other variational convergence notions:
continuous or hypo-convergences for functions, together with continuous or graphical convergences for
multifunctions. These convergence notions are described in terms of Painlevé-Kuratowski convergence
of sets (images, hypographs, graphs). Some references on these convergence notions appear in the
books of Attouch [4], Beer [8], Burachik and Iusem [12], Hu and Papageorgiou [19], and Rockafellar
and Wets [33].

We achieve limsup convergence for the solution multifunction without altering its original defini-
tion. However, to attain its liminf convergence, we find it necessary to extend the definition of the
solution set. Specifically, we consider the concept of an e-approximate multifunction solution, and
through this approach, we achieve liminf convergence for the solution multifunction. This method has
been used in [1, 24, 25, 26, 29, 37] to study diverse optimization problems, equilibrium problems and

minmax problems.

As Berge’s maximum theorem holds significant relevance in generalized Nash games, we leverage
our findings to examine the approximation of generalized Nash equilibria. We obtain conditions
for the convergence of the approximate generalized Nash equilibria via a direct approach. Contrary
to optimization theory, there are limited studies addressing the approximation of generalized Nash
equilibria. To the best of our knowledge, the works [17, 29] primarily concentrate on the classical

Nash game. As another application of our results, we perturb a finite-horizon dynamic programming



model by a sequence of plans and multifunctions representing the feasible sets of plans. We prove the

stability of the model under natural assumptions.

The paper is organized as follows. In Section 2, we introduce the notation and recall some pre-
liminaries. Section 3 is devoted to present our main results. In Section 4, we apply our results to

generalized Nash equilibrium problems and to finite-horizon dynamic programming models.

2 Notation and preliminaries

We are interested in studying the stability of the parametric optimization problem according to Berge’s

maximum theorem:

v(y) == sup u(z,y). (Py)
z€P(y)

where y € R™ is a parameter vector, u: R"*™ — R is an extended-valued objective function and
®: R™ = R is a feasible multifunction. The function v: R™ — R is called the value function. The

associated solution multifunction S: R™ = R"™ is defined by

S(y) = argr(lagx u(z,y) = {r € ®(y): v(y) = u(z,y)}.

When ®(y) = 0, we have v(y) = —oo and S(y) = 0.

We denote by x = (z1,...,2,) a vector from R™, by y = (y1,...,ym) a vector from R™, by B
the closed unit ball in R, by R = R U {00} the extended set of real numbers, by &, \, 0 when
er — 0 with e > 0 for all k, and by ¢ | 0 when g — 0 with 0 < €41 < € for all k. For an
extended-valued function f: R® — R, we denote by domy f = {x € R*: f(x) > —oc} its U-domain;
by domy f = {x € R*: f(z) < +oo} its L-domain; by epi f := {(z,\) € R*T!: f(z) < A} its epigraph;
and by hyp f := {(z,\) € R“1: X\ < f(x)} its hypograph. We say that f is U-proper (resp. L-proper)
if f(x) < +oo (resp. f(x) > —o0) for all x € R’ and domy f # 0 (vesp. domp, f # ).

To perturb the data of the parametric optimization problem, we recall set convergence notions

from [33]. For a sequence of sets {Cj} from R, limsup, Cj, := {z € R*: 3z% € C}, s.t. zF

i = x}
is its outer limit and liminfy Cy := {z € R¢: 32k € ¢ st zF — x} is its inner limit, where
{x%i} is a subsequence of {z¥}. We say that {C}} converges in the sense of Painlevé-Kuratowski
to C, denoted by Cjx — C or lim; Cy, = C, if limsup, Cx = C = liminfy Ck, or equivalently if

lim sup, Cx C C C liminfy, Cy.

A sequence of sets {Cy} from R is said to be: eventually bounded if there exists N such that
U k>N C is bounded; strongly eventually bounded if it is eventually bounded and (J k>j C}, is nonempty
for all j € N; nonempty-valued if Cj, is nonempty for all & € N; and eventually nonempty-valued (resp.
empty-valued) if there exists N such that Cj # 0 (resp. Cy = 0) for all k > N. Clearly, nonempty-

valuedness implies eventually nonempty-valuedness which in turn implies that U, ; Cix # 0 for all



j € N. If {Cy} is eventually bounded and eventually nonempty-valued, then it is strongly eventually

bounded. The following conditions are equivalent:

® Ups; Ok #0, for all j € N;

e {Ck} is not eventually empty-valued;

e There exists a subsequence {Cy, } of {C} such that Cy, # 0, for all j € N.
We establish conditions under which lim sup,, Cj, is nonempty and compact. To do this, we recall the
“escaping to the horizon” property: Cj — 0 (or equivalently lim sup,, Cx = 0). By [33, Corollary 4.11],
the following equivalences hold:

e limsup, Cy = 0;

e For every p > 0 there exists N € N such that C, N pB = ), for all k > N;

e de, (0) = +oo.

From this, we have limsup,, Cy # 0 iff there exists p > 0 such that [J,;(Cy N pB) # 0, for all j € N.

Proposition 1. If {Cy} is strongly eventually bounded, then
lim sup,, Cy, is nonempty and compact. (1)
Moreover, for every € > 0 there exists N € N such that

UkZN Cr C {33 S RZZ dlimsupkck (3?) < 5}' (2)

Proof. We prove the first part. Let us denote A; := Uk:Zj Cy for 7 € N. By hypothesis, A; is
nonempty for all j € N and bounded for j large enough. Hence cl A; is nonempty and compact for j
large enough. Ascl A1, C clA; for all j € N, by Cantor’s intersection theorem, we infer that ﬂj cl A,

is nonempty and compact. The result follows since (; cl A; = limsup,, Cj, (see [33, Exercise 4.2(b)]).

We prove the second part. Let us denote C. := {x € R¢: dlimsup, C, () < €} As ﬂj clA; C C.,
we have ([, cl4;) N CS = 0; ie., N;(clA; N CE) = 0 with the sets in parentheses being closed. From
this and Cantor’s intersection theorem, we deduce that there exists N such that cl Ay N CS = 0; ie.,

UkZN Cr C C.. O

Remark 2. 1. Condition (1) does not imply that {Cy} is eventually bounded. Indeed, for C =
[0,1] U {k} for all k, we have limg Cy = [0,1] but {Cx} is not eventually bounded.

2. Condition (2) does not imply that {Cy} is eventually bounded. Indeed, this is shown by taking
Cr =R’ for all k.



We recall some notions of set-valued analysis from [12, 33]. A multifunction or set-valued mapping
® : R™ = R"™ is a mapping that associates to any vector y in R™ a set ®(y) in R™. We denote
by dom® := {y € R™: &(y) # 0} its domain and by gph® := {(y,z) € R™*": 2 € ®(y)} its
graph. A mapping ® is said to be proper if it has a nonempty domain. We say that & is: outer
semicontinuous (osc) at y if limsup, ®(y*) C ®(y) for all y* — y; inner semicontinuous (isc) at y if
®(y) C liminfy, ®(y*) for all y* — y; upper semicontinuous (usc) at y if for any open set V containing
®(y) there is a neighborhood U of y such that ®(U) C V; lower semicontinuous (lsc) at y if for any
open set V with ®(y) NV # () there is a neighborhood U of y such that ®(2) NV # (@ for every z € U;
continuous at y if it is osc and isc at y; K-continuous at y if it is usc and Isc at y; locally bounded
at y if for some neighborhood V' of y the set ®(V) is bounded; and osc (respectively, isc, usc, lsc,
continuous, K-continuous, locally bounded) if it is so at every y. We say that ® is N-valued if ®(y)
has property N for every y (e.g. closed-valued); and uniformly bounded if ®(R™) is bounded. For
O, U: R™ =3 R”, we write ® C ¥ if ®(y) C U(y) for all y and =V if & C ¥ and ¥ C ®.

We list some continuity properties for multufunctions to be used later on.

Proposition 3. ([5, 10, 12, 33])

(a) @ is osc iff gph @ is closed. If ® is osc, then D is closed-valued. Moreover, @ is isc iff  is lsc.

(b) If ® is usc at y and ®(y) is closed, then ® is osc at y. The reverse implication holds, if in addition
D is locally bounded at y.

(¢) ® is locally bounded iff ®(B) is bounded for every bounded set B iff whenever x* € ®(y*) and {y*}

is bounded, the sequence {x*} is bounded.

(d) If ® is usc and compact-valued, then ® is locally bounded and osc. In addition, if ®(R™) is

compact, then ® is usc and compact-valued iff ® is osc.

AsSUMPTION: From now on, we assume that «: R**™ — R is an extended-valued function

and ®: R™ =3 R” is a proper multifunction.
We recall the next result that will be deduced below from our results. Part (c) is referred to as

“Berge’s maximum theorem”.

Proposition 4. [19, Propositions 3.1-3.4]

(a) If u: R"™™ — R is lsc and ®: R™ = R" is Isc, then v: R™ — R is Isc.
(b) If u: R™*™ — R is usc and ®: R™ = R" is nonempty-valued, compact-valued and usc, then
v: R™ = R is usc.

(¢) If u: R"™™ — R is continuous and ®: R™ = R™ is nonempty-valued, compact-valued and K-
continuous, then v: R™ — R is continuous and S: R™ = R™ is nonempty-valued, compact-

valued and usc.



Remark 5. 1. Concerning part (a), in [19, Proposition 3.1] it is additionally assumed that ® is
nonempty-valued. This assumption can be dropped. Indeed, let y and y* — y be fized. If ®(y) = 0,
then v(y) = —oo < liminf, v(y*). On the other hand, if ®(y) # 0, then for every e > 0 there erists
z. € ®(y) such that v(y) —e < u(z.,y). As ® is isc, we have z. € liminf, ®(y*) and thus there exists
oF € ®(y*) — x.. By hypothesis, v(y) — ¢ < u(ze,y) < liminfy u(z*,y*) < liminfg v(y*). Ase >0

was arbitrary, we infer that v(y) < liminfy, v(y*). Hence v is Isc.

2. By Proposition 3, ® is usc and compact-valued iff ® is osc and locally bounded. This allows us to
reformulate Berge’s mazimum theorem as follows: “If u: R™*™ — R is continuous and &: R™ = R”
is nonempty-valued, locally bounded and continuous, then v: R™ — R is continuous and S: R™ = R"

is nonempty-valued, locally bounded and osc”.

We study the behavior of the value function and the solution multifunction

v(y) == ggl())U(xvy) and S(y) = {z € ®(y): v(y) = u(z,y)}, (3)

when the data u and ® are subject to variation. To do this, we approximate u by {u*} and ®
by {®*} by using variational convergence notions. We denote the respective approximations of the

value function v by {v¥} and of the solution multifunction S by {S*}; i.e.,

vF(y) = esggl)u’“(x,y) and  S*(y) == {z € ®¥(y): v"(y) = uF(z,y)}. (4)

We will establish convergence results for the sequences {v*} and {S*}. To do this, we first recall the

notion of hypo-convergence to approximate functions.

Definition 6. [33] For a sequence of extended-valued functions {f¥: R® — R}, its lower hypo-limit is
the function h-liminfy, f*: R — R having as its hypograph

hyp(h-liminfj, f*) = lim inf (hyp f*),
and its upper hypo-limit is the function h-limsup,, f*: R® — R having as its hypograph
hyp(h-lim supy, f*) = limsup,, (hyp f*).

We have h-liminf), f* < h-limsup,, f* and when these limits are equal to f, we say that the hypo-limit
h-limy, f* exists and that the sequence hypo-converges to f, denoted by h-limy f* = f or f* LN f.

Remark 7. 1. Clearly, f < h-liminfy f* iff hyp f C liminf(hyp f¥) and h-limsup, f* < f iff
lim sup,, (hyp f*) C hyp f. Hence the following conditions are equivalent:

o /N
e hyp f¥ — hyp f;

e f < h-liminfy f* and h-limsup, f* < f.



We have the following formulas for hypo-limits at every x € RY (see [33, Proposition 7.2]):

(h-lim infy £*)(z)

max{a € R: 2% — z with liminfy, f*(2%) = o},

(h-limsup, f*)(r) = max{a € R: I2* — x with limsup, f*(2*) = a}.
Hence
f < hdiminf, ¥ <= Vo e R 32" = o0 f(z) <liminfy f* (), (5)
h-limsup, f* < f <= Vz e R Ve - z: limsup, f*(2%) < f(x). (6)

Clearly, if f* N f, then for every x € R there exists % — x such that f*(z*) — f(x).

2. If f* LN f, then f is usc (see [33, Proposition 7.4(a) and p. 243)). In particular, if f* = f,

then, in order to obtain f* A f, the function f must be usc.

3. [33] For a sequence of extended-valued functions {f*: R® — R}, its lower and upper epi-limits
are defined by

epi(e-liminfy, f*¥) = limsupy (epi f¥) and epi(e-limsup,, f*) = lim infy (epi f¥).

We say that the epi-limit e-limy f* exists and that the sequence epi-converges to f, denoted by
e-limg f* = f or f* 5 f, if esliminfy, f* = e-limsup, f* = f. Clearly, e-limsup, f* < f iff
epi f C liminfy(epi f*) and f < e-liminf, f* iff limsup,(epi f¥) C epif. Hence f* 5 f iff
epi f*¥ — epi f. We have the following formulas for epi-limits at every x € R¢:

(esliminfy, f*)(z) = min{a € R: 32F = 2 with liminf, f*(z*) = a},
(eslimsup, f*)(z) = min{a € R: 32* — = with limsup,, f*(z*) = a}.
Hence
f <ediminfy f* <= VoeRVa" = z: f(2) <liminfy f*(2), (7)
ellimsup,, f* < f <= VzeR% 32k = z: limsup, f*(2) < f(z). (8)
Clearly,

f < hldiminfy f* <= e-limsup,(—f*) < —f,
h-limsup, f* < f <= —f <eliminf,(—f*).
Hence f& 5 £ iff —f& & —f.

4. We have hyp f # () when domy f # 0. In addition, if f is U-proper, then (x,\) € hyp f for
every x € domy f and A € R such that A < f(x). In particular, (z, f(x)) € hyp f. Accordingly, we

relate epi f and L-properness.

We recall the notion of continuous convergence to approximate functions.



Definition 8. ([33]) A sequence of extended-valued functions {f*: RY — R} is said to convergence
continuously to f, denoted by f* 5 f, if fE(a*) = f(x), for every 2* — x.

To develop our approach, we define lower and upper continuous limits that split continuous con-
vergence into two parts.

Definition 9. For a sequence of extended-valued functions {f*: R® — R}, its lower continuous limit
is the function c-liminfy, f*: RY — R, defined by

(c-liminfy, f*)(z) := min{a € R: 32%F — = with liminf, f*(2*) = o},
and its upper continuous limit is the function c-limsupy f*: R* — R, defined by
(c-limsupy, f¥)(z) := max{a € R: 3z* — = with limsup,, f*(z*) = a}.

Clearly, c-liminfy, f* <c-limsup, f* and when these limits are equal to f, we say that the continuous

limit c-limy, f* exists and it is equal to f. In this case, we write c-limy f* = f.
Remark 10. 1. By Definition 9 and Remark 7, we have
c-liminfy, f* = e-liminfy, f* and c-lim supy, ¥ = h-lim supy, r*.
From this and (6)—(7), we have
f <climinf, f* < Vo e R Va® — 2 f(2) < liminfy, f*(2*), (9)
climsup,, f* < f <= Vo € R VaF — z: limsup, f*(zF) < f(x). (10)

It is easy to check that the following conditions are equivalent:

o M5
o climy, fF = f;
o f <c-liminfy f¥ and c-limsup,, f* < f.

From this and above equalities, we obtain that f* 5 f iff f < e-liminfy f* and h-limsup,, f¥ < f.

Lignola and Morgan [22] defined continuous convergence by using this equivalence.

2. If f* 5 f, then f is continuous (see [33, Theorem 7.14]). In particular, if f* = f, then to have

&5 f, the function f must be continuous.
3. By conditions (9)—(10) and (5)—(6) and item (1), we have
f <climinfy, fF = f <ediminfy f* = f < h-liminfy f*,
climsup, f¥ < f <= h-limsup, f* < f = e-limsup, f¥ < f.
From this, we infer that f* 5 f iff f* N f and f* S f. Hence f* 5 f iff epi f* — epif and
hyp f* — hyp f.



4. If f* 5 f, then fFi(x*) — f(z) for any subsequence x*i — x. Indeed, for such a subsequence,

we define a sequence {Z*} as follows: #* = z¥1, 32 =2k, .. Fh—l =gk gk = gk ghitl = gh2

, ik271 k27 k:g} i‘:k2+1

= zks .. Clearly, 7% — z and as f*(i%) — f(x), we have
fFi(aki) — f(x). Similarly, from (9)-(10), we deduce that if f < c-liminfy, f¥ (resp. c-limsup, f* <
f(x)), then f(z) < liminf; f* (z%) (resp. lim sup; fFi(zks) < f(z)) for any subsequence x*i — .

==z ke = ¢

5. [33] A sequence {f*} is said to converge pointwise to f, denoted by f* 2 f, if f¥(z) — f(x) for
all z; and to converge uniformly to f in the bounded sense, denoted by f* = f, if each f* is bounded
and for every € > 0 there exists N such that | f*(x) — f(x)| < e for all z and k > N. Clearly, f* 5 f
implies f* 5 f. If f* 2% f with each f* usc, then f is usc and f* LN f.

We recall the notion of continuous convergence to approximate multifunctions.

Definition 11. [33] A sequence of multifunctions {U*: Rt = R"} is said to converge continuously to
W, denoted by UF 5 W, if Uk (y*) — U(y), for every y* — y.
As for the scalar case, we split continuous convergence into two parts.

Definition 12. For a sequence of multifunctions {¥%: R® = R™}, its continuous outer limit is the

multifunction c-limsup, U*: R = R™ defined by
(c-limsup, U*)(y) :== U{yk_w} lim sup,, U* ("),

and its continuous inner limit is the multifunction c-liminf, U*: R = R™ defined by
(c-liminf,, UF)(y) := ﬂ{y’“—@} lim inf U (y"*).

We have c-liminfy, U* C c-limsup, W*. When these limits are equal to ¥, we say that the continuous

limit c-limyg, UF exists and it is equal to ¥ and we write c-limy, Tk =,
Remark 13. 1. Clearly,

U C climinf, V¢ «— Wy e R, Wy" = y: U(y) C liminf, U*(y5), (11)
climsup, ¥ ¢ ¥ = Wy e R Vy* = y: limsup, UF(y%) € U(y). (12)
From this, it is easy to check that the following conditions are equivalent:
o UF ST,
e c-lim, ¥* = U;

o U C climinfy U* and climsup, U C V.

Lignola and Morgan [22] used the following terminology: A sequence {U*} is sequentially lower (resp.

upper) convergent to W, if U C c-liminfy U¥ (resp. c-limsup, U¥ C ¥).
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2. If UF 5 W, then W is continuous (see [33, Theorem 5.43]). In particular, if ¥* = W, then, to
have W% 5 U, the map U must be continuous. According to [33], if U is closed-valued, then ¥ 5w
iff limy, limy, 5 dyr () (u) = dyg) () for all § and u.

3. [33] A sequence {U*} is said to converge pointwise to W, denoted by V¥ 5w, if Uk (y) — ¥(y)
for all y; and to converge uniformly to ¥, denoted by U* 2% W, if for every ¢ > 0 and p > 0, there
exists N such that U*(y) N pB C U(y) +eB and ¥(y) N pB C U*(y) +eB for ally and k > N. Clearly,
Uk 5 W implies UF 5 U. By the metric version of uniform convergence in [33, Proposition 5.49], we
infer that U* % U implies UF 5w,

Example 14. [22] 1. Let U*(y) := [f*(y), ¢*(v)] and ¥ (y) := [f(y), 9(y)] be interval functions where
¥ g% f.g: R = R are functions with f* < g* for all k and f < g. We have

h-lim sup,, fE<f and g < eliminf,¢® = ¥ C climinf), "

f < e-liminf, f* and h-lim sup,, <y = c-limsup,, Uk cw.

Hence, if f* 5 f and g* 5 g, then UF 5 0.

2. Let WF(y) = Oy for all k and ¥(y) = C, we have ¥ C c-liminfy ¥* iff C C liminfy Cy and
c-limsup,, U* C W iff limsup, Cy, C C. Hence ¥* 5 W iff Oy — C.

We recall the notion of graphical convergence to approximate multifunctions.

Definition 15. [33] For a sequence of multifunctions {¥*: R = R"}, its graphical outer limit is the
multifunction g-limsup, U*: RY = R™ whose graph is

gph(g-lim sup;, ¥*) = lim sup,, (gph T*),
and its graphical inner limit is the multifunction g-lim infy, Tk R = R™ whose graph is
gph(g-lim inf;, U*) = lim inf;, (gph UF).

We have g-liminfy, W* C g-limsup, W* and when these limits are equal to ¥, we say that the graphical
limit g-limy, W* exists and that the sequence graph converges to U, denoted by g-lim, ¥* = U or
vk,

Remark 16. 1. Clearly, ¥ C g-liminfy U* iff gph ¥ C liminf;(gph U¥) and g-limsup, ¥* C ¥ iff
lim sup, (gph U¥) C gph W. Hence, the following conditions are equivalent:

e gph U¥ — gph ®;

e U C g-liminf, ¥* and g-limsup, ¥* C ¥.
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We have the following formulas for graphical limits at every y € RY (see [33, Proposition 5.33]):

. k - o ki k
(g-liminf, O¥)(y) = U{yk—w} lim infj, % (y"),
. k _ : ko, k
(gtimsup, WH)(y) = {J, | limsup, 04",
Therefore,
.. k 0. PR ki k
U C ¢g-liminf, ¥¥ <« VyeR":¥(y) C U{yk_w} lim infy, U*(y"), (13)
g-limsup, ¥ C ¥ = Vye R Vy* = y: limsup, U*(y*) C U(y). (14)

2. If UF % U, then U is osc (see [33, p. 167]). In particular, if V¥ = U, then to have UF ENS

the map ¥ must be osc.

3. By Definition 12 and part (1), we have
c-liminfy, ¥ C g-liminf, U* and c-limsup, % = g-lim sup,, ¥*.
Hence

U C c-liminf, UF e ¥ C g-liminfy vk

climsup, U C ¥ <= g-limsup, ¥* C .

From this, we infer that U* 5 U implies U* % ©.

4. [33] In general, pointwise convergence does not imply graphical convergence and viceversa. A
sequence can have different graphical and pointwise limits as shown in the next example. If U* = W

with each UF osc, then U is osc and Uk % 0.

5. [22] A sequence {¥*} is said to open graph converge to U, if for any (y,x) € gph ¥ and any
sequence (2%, y*) = (x,v), we have (y*,z*) € gph U* for k large enough. Clearly, this notion implies
U C g-liminf;, Uk,

Example 17. [33] Let us consider the sequence {W*} defined by

0,2ky — 2k +3], ifl—1/k<y<1—1/(2k);
[0, —2ky +2k+1], if1—1/(2k) <y <1;

0, elsewhere.

Ur(y) =

It converges graphically and pointwise to two different limits: Wk 2 T and U* B U where

0,1, f0<y<1;
U(y) =19 [0,2], ify=1; and ¥(y) = {
0, elsewhere.

[0,1]a if0<y<1;

0, elsewhere.
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We define nonempty-valuedness and boundedness notions for sequences of multifunctions. The

second and the third notions appear in [23, 33].

Definition 18. A sequence of multifunctions {¥*: R* = R"} is said to be

e cventually nonempty-valued (env), if {¥*(y)} is eventually nonempty-valued for every y.
e cventually uniformly bounded (eub), if {UF(R™)} is eventually bounded.
e cventually locally bounded (elb), if {¥*(y*)} is eventually bounded for every y* — y.

e strongly eventually locally bounded (selb), if {¥*(y*)} is strongly eventually bounded for every
k
Yy =y

Remark 19. 1. A sequence of nonempty-valued multifunctions is env. An eub sequence is elb. An

elb sequence of nonempty-valued multifunctions is selb.

2. A sequence {U*} is elb iff for every y there exist r > 0, a neighborhood U of y, and N such
that Uy n Uk(U) C rB.

3. When U* =, then elb (resp. eub) property reduces to local (resp. uniform) boundedness of V.

4. Lignola and Morgan [22] used the following equivalent formulation of elb property: “For any
convergent sequence {y*} and any sequence {x*} such that x* € W*(y*) for all k, the sequence {x*}

has a convergent subsequence”.

We prove some properties of these notions.
Proposition 20. (a) If {¥*} is elb and ¥ C c-liminfy, U*, then W is locally bounded.
(b) If {¥*} is selb, then limsup, W*(y*) is nonempty and compact for every y* — y.

(¢) If c-limsup, ¥* C W with {¥*} elb and ¥(y) = O for some y € R™, then for every y* — y there
ezists N € N such that W*(y*) =0 for all k > N.

(d) If {*} is eub and ¥ C g-liminfy, U*, then U is uniformly bounded.

Proof. (a) For a fixed y there exist r > 0, a neighborhood U of y, and N such that ¥*(2) C rB for
all k > N and z € U. By (11), we have ¥(z) C liminf; ¥*(z); thus, ¥(z) C rB for all z € U. Hence
¥ is locally bounded at .

(b) The result follows from Proposition 1.

(¢) Let ¥(y) = 0 and y* — y. By elb condition there exists » > 0 and N; such that Uisn, Tk (yF)
rB. By (12), we have limsup, U*(y*) = (. By the escaping to the horizon property, f_or such an r,
there exists Ny such that U*(y*) N rB = () for all & > Ny, a contradiction if U*(y*) # @ for some
k> N := max{Ny, No}.
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(d) By hypothesis there exist 7 > 0 and N such that W*(R™) C rB for all k > N. Let y be fixed.
If z € U(y), then by (13) there exists y* — y such that x C liminf; U*(y*). By the above inclusion,

we have z € rB. Hence ¥(y) C rB. The result follows since y was arbitrary. O

We establish boundedness properties of the solution multifunctions of the approximations (4).
Proposition 21. (a) If {®*} is elb (resp. eub), then {S*} is elb (resp. eub).

(b) If {®F}) is selb with ®F closed-valued and u*(-,y) usc for all k and y, then {S*} is selb.

Proof. Part (a) follows from inclusion S¥ C ®F for all k. We check part (b). Let y* — y. By (a) we
have that {S*} is elb. By hypothesis there exist a subsequence {®*i(y*i)} of nonempty sets. This
and the hypothesis imply that the sets {S*i (y*/)} are nonempty. Hence {S*} is selb. O

3 Main results

In this section, we study the behavior of the value function and of the solution multifunction when
the data of the parametric problem (P,) are subject to variations. To vary the objective function and
the feasible multifunction, we use variational convergence notions. We prove convergence properties

of the sequence of value functions {v*} and solution multifunctions {®*} defined in (4).

We first obtain a result that is a perturbed counterpart of Proposition 4(a).

Proposition 22. Let u < c¢-liminfy, uk. Then

(a) If ® C g-liminfy ®%, ® is compact-valued and u(-,y) is usc for all y, then v < h-liminf}, v*.

(b) If ® C c-liminfy, ®F, then v < c-lim infy, vk,

Proof. (a)Ify ¢ dom ®, then v(y) = —oo and lim infy v*(y*) > v(y) for all y* — y. On the other hand,
if y € dom @, then by hypothesis there exists € ®(y) such that v(y) = u(z,y). As (y,z) € gph P,
we have (y,z) € liminf;, gph ®* and there exists (y*,z%) — (y, ) such that 2% € ®*(y*) for all k.
As v*(y*) > uF (2 y*) for all k, after taking the liminf, we obtain liminfy v*(y*) > u(z,y). Hence
lim infj, v*(y*) > v(y). The result follows by (5).

(b) Let y* — y. If y ¢ dom @, then v(y) = —oo and liminfy v*(y*) > v(y) holds for all y* — y.
On the other hand, if y € dom @, then by (11) for any x € ®(y) there exists z* € ®*(y*) — z. As
R (y*) > uk(zk, y*) for all k, after taking the liminf, we obtain liminfy, v*(y*) > u(z,y). From this
and since x € ®(y) was arbitrary, we obtain liminfz v*(y*) > v(y). The result follows by (9). O

We now obtain the next result that is a perturbed counterpart of Proposition 4(b).
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Proposition 23. Let c-limsup, u* < u and c-limsup, ®* C ® with {®*} env and elb. Then

(a) If ®F is closed-valued and u*(-,y) is usc for ally and k, then c-limsup,, v* < v.

(b) If u(-,y) is continuous for all y, then c-limsup, v* < v.

Proof. (a) Let y* — y. Consider the subsequence {v*i(y*/)} of {v*(y*)} such that limsup,, v*(y*) =
lim; v%i (y*7). As {®*/} is elb and env, the sets ®¥i (y*i) are nonempty and compact for j large enough.
Since u¥i (-, y*7) is usc, there exists z¥i € ®*i(y*5) such that v*i (y*i) = uki (a3, y*) for such j. By
elb condition, there exists a subsequence {z"i¢} of {z*} such that z¥ir — 2 for some z as £ — +oo.

As z € limsup,, ®*(y*), by (12) we infer that z € ®(y). After taking the limit as £ — +o0 to the last
equality for subindex k;, and by using Remark 10(4), we obtain

lim supy, v* (y*) = limg 0¥ (y*ie ) = limy ubie (aFie, ykie) < u(z,y) < v(y).
Hence lim sup,, v*(y*) < v(y) and the result follows by (10).

(b) Let y* — y. Consider the subsequence {v*i(y*/)} of {v*(y*)} such that limsup, v*(y*) =
lim; v*i (y*7). We set K := lim sup; %3 (y¥s). For an arbitrary € > 0, by (12), we have

K C limsup, ®*(y*) Cc ®(y) € {z € R": u(z,y) < v(y) +}.

As K is nonempty and compact by Proposition 1 and u(-,y) is continuous, there exists § > 0 such
that
K+ 0B C {zeR": u(x,y) <v(y)+¢}.

By Proposition 1, there exists N such that
Uk >N<I>kf(ykj) CK+BC{zeR": uz,y) <v(y)+e}.
JZ

Hence, for all k; > N, we have

v(y) +e = supieriom u(e,y)
2 SUDP, gk (k) U, Y) 5)
= 8D, g () [ (2, 9) + (ul, ) — b (2, 5)]
> oki(yhi) + inf_ gk, (ykj)(u(a:, y) — ubi (2, yk9)).

Let {z"i};,>n be a sequence such that ¥/ € ®*i(y*/) and

u(@h,y) —u (@™, M) < inf (u(z,y) - ub(e,y")) +e, VR > N
e (y9)

Since K + 6B is compact and contains the sequence {2"7}, >y, there exists a subsequence {z*7¢} of

{a%i}, >N such that 2*¢ — 2 for some z as ¢ — 4o0. From this and (15) for index k;j,, we obtain

() + e (o /o) > 0o (g50) + (oo, y) — 22
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and after taking the limsup as | — +oo and by using Remark 10(4), we obtain
foe, i)

limg v*ie (y*ie ) + u(z,y) — 2¢

v(y) +u(z,y) > wv(y)+limsup, uie (x

v

= limsup,, v (y*) + u(z,y) — 2.

Hence v(y) > limsup, v*(y*) — 2e. As € > 0 was arbitrary, we obtain limsup, v*(y*) < v(y) and the
result follows by (10). O

We obtain stability properties of the value function and of the solution multifunction under both

the continuous convergence of objective functions and feasible multifunctions.

Theorem 24. Let u* 5 u and ® 5 ®. Then

(a) c-limsupy, S* C S with S osc. In addition, if {®*} is elb, then S is locally bounded; thus, S is

compact-valued.
(b) If {®*) is env and elb, then v* 5 v with v continuous.

(c) If{®*} is selb, ®F is closed-valued and u* (-, y) is usc for all k andy, then {S*} is selb, c-lim sup,, S*

is nonempty-valued, F,-valued, bounded-valued, and S is nonempty-valued.

Proof. By Remarks 10(2) and 13(2), we infer that u and ® are continuous.

(a) We prove the inclusion. Let y* — y. If 2 € limsup,, S*(y*), then there exists 2% € S¥s (y*s) —
x. Hence 2%i € ®%i (y*s) and v¥i (y*i) = uki (z%i y*i) for all 5. As x € lim sup,, ®*(y*), by (12) we have
x € ®(y). After taking the limits to the last equality, using Proposition 22(b), (10) and Remark 10(5),
we obtain

v(y) < liminfy, v*(y*) <liminf; o (y*) = lim; w* (2%, y%) = u(z, y);
ie., v(y) = u(z,y) and = € S(y). Hence limsup,, S*(y*) C S(y) and the inclusion follows from (12).

We have that S is osc by the first part since @* - v and ®F <% & hold for @* = v and ®* = &. The
mapping S is locally bounded since S C ® and ® is locally bounded by Proposition 20(a). The last

part follows from this and Proposition 3(a).

(b) The continuous convergence follows from Propositions 22(b) and 23(b). The continuity of v
follows from Remark 10(2).

(¢) The first part follows from Proposition 21. The remaining part follows from the first one,

Proposition 1, Definition 12 and (a). O

From the proof of (a), we see that c-lim sup,, u* < u and ¢-lim sup;, ®* C ® imply c-lim sup, S¥ C S.

A few remarks are needed concerning Theorem 24.
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1
Remark 25. 1. Assumption elb cannot be dropped. Indeed, for u*(x,y) = EM’ u(z,y) = 0 and
Pk (y) = ®(y) = R, we have u¥ 5 u, ® 5 &, {®*} is not elb, S*(y) = 0, v*(y) = +oo, v(y) = 0,
and S(y) =R. So (a)—(c) fail to hold. Clearly, S ¢ c-liminf, S* and thus S* % S.

2. Continuous convergence of objective functions cannot be replaced by pointwise or uniform con-
vergence. Indeed, for
1, ifzeqQ
uF(z,y) = u(z,y) = and @ (y) = @(y) = [0,1],
0, elsewhere.
we have u* B u, uF 5 u, uF B ou, @ S @, vF(y) = v(y)
limg, S*(y*) = [0,1] for every y* — y. So (a) fails to hold.

1, S¥(y) = S(y) = [0,1] N Q and

3. Continuous convergence of feasible multifunctions cannot be replaced by uniform convergence

(and so by pointwise convergence). Indeed, for

{0}, ifyeq;
{1}, elsewhere,

uF(z,y) =u(z,y) =1 and O*(y) = P(y) =

we have u* 5 u, % 4 &, ®F % & and

{0}, ifyeq;
{1}, elsewhere.

S*(y) = S(y) =

As limsup S*(y*) = {0,1} for every y* — y, we have c-limsup, S* ¢ S. So (a) fails to hold.

4. The inclusion in (a) could be strict. Indeed, for u*(x,y) = u(z,y) = f(x), ®*(y) = [0,3 + 1/k],
and ®(y) = [0, 3] where f: R — R is defined by

x, ifx <1;
fle)=¢ 2—2, ifl<z<2;
x—2, if2<z,

we have uF 5 u, ®* 5 @&, S*(y) = {3+ 1/k} and S(y) = {1,3}. Thus, limsup, S*(v*) C S(y) for
every y* — y.

5. The concavity of objective functions and the convexity of feasible multifunctions (the graphs

1
are convex) do mot guarantee the equality in (a). Indeed, for u*(z,y) = Ef(x), u(z,y) = 0, and
®F(y) = ®(y) = [0, 3] where f: R — R is defined by

x, if e <1;
@) =41  ifl<az<
3—z, if2<zx,

we have u* % u, ®F 5 @, S*(y) = [1,2] and S(y) = [0,3]. Thus, limsup S*(y*) € S(y) for every
k
Yy =Y.
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6. It is implortant to point out that inclusion S C c-liminfy, S* does not hold in general. Indeed,
for uF(z,y) = E|x|, u(z,y) =0 and ®F(y) = (y) = [1,1], we have u* 5 u, ®* 5 &, vk (y) = 1/k,
v(y) =0, S¥(y) = {—1,1} and S(y) = [-1,1]. Thus, S(y) ¢ liminf; S*(y*) for every y* — y.

As a consequence of these results, we infer an alternative version of Proposition 4 (see Remark 5).

Theorem 26. (a) If u: R"™™ — R is Isc and ®: R™ = R" is isc, then v: R™ — R is Isc.

(b) Ifu: R™™ — R is usc and ®: R™ = R" is nonempty-valued, osc, locally bounded, then v: R™ —

R s usc.

(¢) Ifu: R*™ — R is continuous, ®: R™ = R" is nonempty-valued, continuous and locally bounded,

then v: R™ = R is continuous and S: R™ = R™ is nonempty-valued, locally bounded and osc.

Proof. Set u* = u and ®* = ® in Propositions 22(b) and 23(a) and Theorem 24. O

Remark 27. It is worth pointing out that Theorem 26 holds for extended-valued functions and not only
for finite functions as presented in the literature (cf. [19, Proposition 3.4]). Indeed, for u(z,y) = f(x)
and ®(y) = {y} where f(x) = —o0 if x < —7/2, f(x) = tanzx if © €] — 7/2,7/2] and f(x) = o0 if
x > m/2, the hypothesis of (c) holds. As v(y) = f(y) and S(y) = {y}, the conclusions of (c¢) hold.

We obtain stability properties of the value function and of the solution multifunction under con-

tinuous convergence of objective functions and graphical convergence of feasible multifunctions.

Theorem 28. Let u* % u and ®* % &. Then

(a) If {®*} is eub, then S is uniformly bounded; thus, S is compact-valued.
(b) If {®*} is env and elb, then
(i) " v with v usc.

(ii) For any y € R™ there exists a sequence y* — y such that limsup, S*(y*) C S(y).

Proof. By Remarks 10(2) and 16(2), we infer that u is continuous and @ is osc.

(a) The mapping S is uniformly bounded since S C ® and & is uniformly bounded by Proposi-
tion 20(d). The last part follows from this and the closed-valuedness of S since w is usc and @ is

closed-valued.
(b), (7) It follows from Propositions 22(a) and 23(b), and Remarks 10(4), 16(4) and 7(2).

(i) Such a sequence y* — y exists by (i) and Remark 7(1). If z € limsup, S*(y*), then there
exists a%1 € Ski(yki) — 2. As 2F € ®Fi(y*) — 2, we have x € limsup, ®*(y*) that by (14)
implies x € ®(y). After taking the liminf to v¥i (y*i) = ubi(zki y*), we obtain v(y) < u(z,y); i.e.,
v(y) = u(z,y) and x € S(y). Hence limsup, S*(y*) C S(y). O
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Concerning Theorem 28, a few remarks are needed.

Remark 29. 1. Continuous convergence of the function cannot be replaced by pointwise convergence

or uniform convergence. Indeed, this is shown by Remark 25(2) where ®F ENY S

2. Let U* &, ® be the multifunctions in Ezample 17. For uk(z,y) = u(z,y) =z and ®* = U¥, we

have uF 5 u, {®*} is elb,

1, fO<y<1-—¢;
. 1 1.
vk(y): 2ky — 2k + 3, if1— ¢ <y<1-—5;;
—2ky+2k+1, ifl1—5 <y<l;
400, elsewhere;
{1}, fO<y<1—1¢;

{2ky -2k +3},  fl-g<y<l-—g
{—2ky+2k+1}, ifl—5 <y<1;

0, elsewhere.

S*y) =

The following convergence properties of {®*}, {v*} and {S*} hold:

o &5 % & where d = U and v* 5 T where
1, fo<y<l1;
o(y) =9 2, ify=1;
400, elsewhere.

Moreover, for such u and <T>, one has
{1}, fo<y<1;
S) =19 {2}, ify=1
0, elsewhere.
Fory =1 and y* =1 — 1/k, we have limsup,, S*(y*) = {1} ¢ S(y) = {2}. Hence
c-limsup, S* ¢ S (or equivalently, g-limsup, S* ¢ §)
Contrary to the property expected that is for this instance (cf. Theorem 24).

o &% B & where ® = U. For u and ff), we have

5(y)={ Lo y0sy<d and§(y)={ {1}, fo<y<1;

400, elsewhere, 0, elsewhere.

For y = 1 and y* = 1 — 1/(2k), we have limsup, v*(y*) £ 0(y); i.e., v* 7Z v. Hence graphical
convergence of feasible multifunctions cannot be replaced by pointwise convergence. We point out that

vk i> v where
1, f0<y<l1;

wy) =9 2, ify=1L
400, elsewhere.
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3. Lignola and Morgan [22, Propositions 4.3.1-4.3.2] proved that v¥ M v holds under assumptions

that differ from ours. Namely, under each of the following assumptions:

k

(i) c-limsup, u® < u, for any (x,y) there evists ¥ — x such that u(x,y) < liminfy u*(z*,y*) for

every y* — y, and ®F 5 & with {®F} env and elb.
(ii) u® o, {®*} open graph converges to ®, and c-limsup, ®* C ® with {®*} env.
Comparing with the hypothesis of Theorem 28(b). In (i), assumption u < c-liminfy u* is weakened and
the convergence notion for feasible multifunctions is strengthened. Whereas in (ii), the convergence

notion for objective functions is weakened, condition elb is dropped, and assumption ® C g-lim inf), ®F

is strengthened.

To obtain further stability properties of the solution multifunction, we recall the notion of e-
approximate solution for maximization problems defined by Loridan [24]. To do this, in what follows,
we shall consider finite-valued objective functions and proper multifunction. For ¢ > 0 and y € R™

being fixed, the set of e-approximate solutions to problem (P,) is defined by:

S°(y) = {zx € ®(y): v(y) — e < u(z,y)}.

We list some properties of this notion:

o If y ¢ dom ®, then v(y) = —oo and S¢(y) = 0.

o If y € dom®, then —0co < v(y) < +oo. In this case, if v(y) = 400, then S¢(y) = . Hence
v(y) < oo iff S(y) # 0.

o If 0 < e < ¢, then S(y) C 5¢(y) C S° (y) and S(y) = Neso S ().

o If u(-,y) is usc and P(y) is closed, then S¢(y) is closed and limy S+ (y) =, c1 S+ (y) for every
e 4 0. Hence, if u*(-,y) is usc and ®*(y) is closed for all y and k, then limy S°*(y) = S(y) for
all y; i.e., 5% 5 5.

For approximations in (4), we define
S84 (y) = {z € O*(y): v*(y) — e < uM(z,y)}-

We establish the ‘continuous convergence nesting’ for problem (P,) that is a counterpart of the

‘epigraphical nesting’ in [33, Proposition 7.30] for minimization problems.
Proposition 30. Let v < c-liminfy u* and ® C c-liminf, ®*. Then

v < e-lim infy o*.
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In addition, if c-limsup, ®* C ®, then

c-limsup,, S¥<+ ¢ §
for any e, \, 0 such that whenever (y*i,a%/) € gph S¥** — (y,z), then ui (z%i y*) — u(z,y).
Proof. The first part appears in Proposition 22(b). We check the second one. Let y be fixed and

er \¢ 0 be that from the formulation. If z € (c-limsup, S*#)(y), then by Definition 12 there exists
y* — y such that z € limsup, S%<* (y*). Hence there exists 2% € §%°%; (y*i) — x. Therefore

ahi € ®% (y*i) and VM (yM7) — ey, < WM (2 yM), V5 €N (16)

As x € limsup, ®*(y*), by (12) we have = € ®(y). By Proposition 22(b), we have v < c-lim infy, v*;
thus, v(y) < liminfy, v*(y*) by (9). By hypothesis, we have u*i (z%i y*i) — u(z,y) as j — +oo. After
taking the limit in (16) as j — 400, we obtain v(y) < u(z,y); i.e., v(y) = u(z,y). Hence xz € S(y)
and the inclusion follows. O

We extend the ‘argmax’ part of [33, Proposition 7.31] to problem (P,).

Proposition 31. Let u* 5 u and ®* 5 &. Then

(a) c-limsup, S C S° for every e > 0 and c-limsup, S¥ C S for every 1, \, 0.
(b) If {®F} is env and elb, then S° C c-liminfy S¥2 for every ¢ > 0. Hence
_ Tim ke _ 1 k,e
S = m€>0 c-liminf; S ﬂ6>0 c-limsup,, S™°.
In addition, if u* is usc and ®F is closed-valued for all k, then

c-limy, %% 5 S as j— 400 for every €; 4 0.

Proof. The proof of (a) runs as in Proposition 30.

(b) We prove the inclusion. Let y* — y. If S¢(y) = 0, then S*(y) C liminf, S*2¢(y*). On the
other hand, if S%(y) # 0, then for z € S¢(y), we have z € ®(y) and v(y) — ¢ < u(z,y) with v(y)
finite. As ®(y) C liminf, ®*(y*), by (11) there exists z* € ®*(y*) — z. Since v*(y*) — v(y) by
Theorem 24, u* (z*, y*) — u(x,y), and v(y) —2¢ < u(z,y), we infer that v*(y*) —2e < uF(z*, y*) for k
large enough. Hence z* € S¥2¢(y¥) — z; i.e., x € liminf;, %25 (y*). Thus, S%(y) C liminfy S%2°(y*)
and the result follows from (11).

We check the equalities. The third inclusion and (a) imply
55/2 ¢ ¢liminfy S%° C e-limsup, S¥° C S° (17)

The equality follows after taking the intersection w.r.t. € > 0. The pointwise limit follows by setting
gj in (17) and since S59/2 5 S and S5 % S as j — +o0. O
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Proposition 32. Let u* 5 u and ®* 2 & with {®*} env and elb. Then

(a) For anyy € R™ there exists a sequence y* — y such that v*(y*) — v(y), limsup,, S¥<(y*) C S%(y)
for every e > 0 and limsup,, S** (y*) C S(y) for every e \, 0.

(b) S° C g-liminfy, S*2¢ for every e >0 and S C .0 g-liminfy Skie,

Proof. (a) Such a sequence y* — y exists by Theorem 28(b) and Remark 7(1). If z € lim sup,, S*<(y*),
then there exists % € S¥i¢(y*1) — x. Hence z¥i € ®%i(yki) and v¥i (y*i) — e < wki(zh,y*9) for
all j. Thus, (y,z) € limsup, gph ®* that by (14) implies (y,z) € gph ®; i.e., x € ®(y). After taking
the limit to the above inequality, we obtain v(y) — ¢ < u(z,y); i.e., z € S%(y) and the first inclusion

follows. The second one follows similarly.

(b) Lety € R™. If x € S%(y), then x € ®(y) and v(y)—¢ < u(z,y). By (13) there exists y* — y such
that = € liminfj, ®*(y*). Hence there exists 2% € ®*(y*) — z. By Theorem 28(b) and (6), we have
lim sup,, v*(y*) < v(y). Clearly, there exists Ny € N such that v*(y*) < v(y) + /2 for all k > Nj.
Similarly, as u*(z*, %) — u(x,y) there exists No € N such that v(y) — 3¢/2 < uF(z*,y*) for all
k > No. Therefore, v*(y*) — 2¢ < u* (2, y*) for all k > max{Ny, No}; i.e., 2% € S¥2¢(y*) — z; thus,
x € liminfy S%2¢(y*). Hence S¢(y) C Uy yy liminfy Sk:2¢(yF) and the result follows from (13).

The remaining follows by taking the intersection w.r.t. € > 0. O

Finally, we establish stability properties of the value function v(y) and of the solution multifunc-
tion S(y) at a given fixed point y € R™. They follow straightforwardly from the convergence properties
for minimization problems in terms epi-convergence in [33, 34]. Their maximization counterparts are

obtained from the relationship between epi- and hypo-convergence in Remark 7(3).

To obtain these properties, we express the value function as a supremum of a new objective function

over the whole space R™ by using indicator functions as follows:

o(y) = sup (u(ry) —dag(x)} and v'(y) = sup {u (2, ) — bargy ()}

We denote the new objective functions by f, () := u(z,y) —da(y) (¢) and fF(z) := uF (2, y) —dgr () (2).

We establish convergence assumptions on the data {u*} and {®*} that imply the hypo-convergence

of the sequence { f;“} To this end, we use the following properties for sets {C)} and C from R*:
C = liminf, Cy <= d¢ = e-limsup, d¢, and C = limsup, Cf <= ¢ = e-liminfy d¢, . (18)

These equivalences follow from equality epidc = C' x Ry and properties of the limits of Cartesian

products (see [33, Proposition 7.4]).
Proposition 33. (a) Ifu(-,y) < c-liminf, u*(-,y) and ®(y) C liminfy, ®*(y), then f, < h-liminfy, fé“

(b) If c-limsup,, u*(-,y) < u(-,y) and limsup, ®*(y) C ®(y), then h-limsup, f{f < fy.
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(€) Ifub(-,y) 5 ul-y) and ®(y) — B(y), then f5 5 f,.

Proof. We use (18), Remark 7(3) to write epi-limits as hypo-limits, and A C B iff ip < d4.

(a) As e-limsupy dgk(y) < dp(y), Wwe have —dg(y) < h-liminfy(—dgr (). By (5), for every z € R"
there exists 2% — x such that lim infj(—dgx () (%)) > —da(,) (); thus,

lim infy, f:(:ck) > lim infy uk(:z:k,y) + lim infy, (—dgk (y) (xk)) > u(z,y) — dawy)(z) = fy(x),
and f, < h-liminfy, f;“ by (5).

(b) As dp(y) < e-liminfy dgr(yy, we have h-limsup(—dgr(y)) < —da(y)- By (6), for every zF —
we have lim supy, (—dgx () (2*)) < —dp(y)(x). Hence

lim sup,, f;(xk) < lim sup,, uk(xk,y) + lim supk(—&pk(y) (xk)) <u(x,y) = da () = fy(x),
and h-lim sup,, f;“ < fy by (6).
(c) Tt follows from (a)—(b). O

Remark 34. Zolezzi [37] assumed variational convergence or epi-convergence of { f?f} to fy to study
the stability of problem (Py) for a fixed y € R™. He did not establish convergence assumptions on

{u*} and {®*} that ensure such a convergence.

The next result is a consequence of the convergence in minimization in [33, 34] and Remark 7(3).
Theorem 35. (a) Ifu(-,y) < climinfy u* (-, y) and ®(y) C liminfy, ®*(y), then v(y) < liminfy v*(y).

(b) If c-limsupy, u” (-, y) < u(-,y) with u*(-,y) usc for all k and limsup, ®*(y) C ®(y) with {®*(y)}
eventually bounded with closed sets, then limsup, v*(y) < v(y).

(¢) Ifu(-,y) 5 u(-,y) with u*(-,y) usc for all k and ®*(y) — ®(y) with {®*(y)} eventually bounded
with closed sets, then v¥(y) — v(y).

(d) If uk(-,y) 5 u(-,y) with u(-,y) being U-proper and ®*(y) — ®(y), then for any e € [0, +00):

(1) limsup, Sk (y) C S€(y) for every ex, € [0, +oc[— e. In particular, limsup, S*(y) C S(y).

(i) If for some subsequence ey, € [0,+00[— 0 there exists a convergent subsequence x*i &
S*3Ek; (y) for all j, then v%i (y) = v(y).

(iii) If v (y) — v(y), then there exists ey, € [0, +00[— € such that S¢(y) C liminf; S*x(y).
Proof. (a) By Proposition 33(a), we have f, < h-liminfy f;“ This, Remark 7(3) and [33, Proposi-
tion 7.30] imply lim inf (supg. f¥) > supgn fy.

(b) Clearly, lim sup,, v*(y) = lim; v*i (y) for some subsequence {v*i (y)} of {v¥(y)}. If there exists N
such that ®%i(y) = () for all j > N, then v¥i(y) = —oo and limsup, v*(y) < v(y) holds. On the
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contrary, if for each ¢ € N there exists k;, > ¢ such that ®kie (y) # (. By hypothesis there exists
xkie € ®Fe(y) such that v¥ie (y) = uPie (z¥e,y) for £ large enough. As {z%} is bounded since elb,

kie — x for some z, up to subsequences. Hence z € limsup, ®*(y) and thus = € ®(y).

we have z
By taking the limit to the last equality, we have limsup, v*(y) = lim, v (y) = limg ufie (2%9e, ) <

u(z,y) < v(y).
(c) Tt follows from (a)—(b).

(d) By Proposition 33(c), we have fF N fy- As fy, is U-proper, by Remark 7(3) and [34, Theo-
rem 7.5] we infer that (i)—(¢i¢) hold. O

4 Applications

We apply our results to the study the stability of the generalized Nash equilibrium problem and of

the finite-horizon dynamic programming model.

4.1 Stability of generalized Nash equilibrium problems

Contrary to optimization problems, there is not a significant literature on the study of approximation
of generalized Nash equilibria. For instance, Morgan and Raucci [29], and Giirkan and Pang [17]
basically focused on the approximation of Nash equilibria. In this section, we address the issue of the

convergence of generalized Nash equilibria.

Let N be the set of players, which is a nonempty and finite set. Let us assume that each player,
labeled by v € N, chooses a strategy =¥ in a strategy set K, which is a subset of R™. We define the
Cartesian products R" := ][, ¢y R™ where n = ynu, K :=[], ey Kv, and Ky =[] e n g0y K
for v € N. We write z = (z,,z_,) € K in order to emphasize the strategy of player v, z, € K,,, and
the strategy of the other players z_, € K_,. Given the strategy of the players except of player v,
r_,, the player v chooses a strategy z,, solving the following optimization problem:

max6,(z,,z_,), subject to z, € K,, (19)

Ty

where 6, : R™ — R is a real-valued function, and 6, (z,,x_,) denotes the loss suffered by the player v,
when the rival players have chosen the strategy x_,. Thus, a Nash equilibrium [31] is a vector & € K,
such that 2, solves (19), when the rival players take the strategy #_,, for any v € N. We denote by
NEP({0,, K, },en) the set of Nash equilibria.

The necessity of a generalization of the Nash equilibrium problem arose, involving player interac-
tions at the feasible sets level. Arrow and Debreu [2] termed it as abstract economy but nowadays,
it is called the generalized Nash equilibrium problem. Recently, it gained more and more attention

because it models real problems as electricity markets, environmental games, bilateral exchanges of
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bads, among others, see for instance [6, 14, 20, 36].

Formally, in a generalized Nash equilibrium problem [15], each player’s strategy must belong to a
set X, (z_,) C K, depending on the rival players’ strategies. The aim of player v, given the others

players’ strategies x_,, is to choose a strategy z, that solves the next maximization problem

max 0, (z,,z_,), subject to z, € X, (z_,), (20)

Ty

where X, is a multifunction from R" "= to R™ such that X, (R" ") C K,. Thus, a vector & € R"
is a generalized Nash equilibrium if, &, solves (20) when its rival players take the strategy &_,, for
any v € N. It is clear that if & is a generalized Nash equilibrium, then & € K. We denote by
GNEP({6,, X, },en) the set of generalized Nash equilibria.

For each v € N, we consider the best response multifunction S, : R"~" =% K, defined by

S,(x_,) :=argmax 0,(-,x_,),
(x-v) g max ( )

and the function v, : R»™™ — R, defined by

vy(r_y) = sup 0, (xy,2_).
z,€X,(x_y)

It is not difficult to verify that

GNEP({6,, X, }ven) = (1), _,, ephsSy.

Next, we study convergence properties of approximations {#%},cx and {X%*},cn of the objective

function and of the feasible multifunction, respectively.

Theorem 36. Let 0% 50, and X* 5 X, for everyv € N. Then

(a) limsup, GNEP({0%, X*},cn) C GNEP({0,, X, }.en)-

(b) For each v € N, if {X*} is elb and env, then vF 5 v,,.

Proof. (a) By Theorem 24(a), we deduce that limsup,,(gphS¥) C gphS, for each v € N. Thus,
limsup, GNEP({#%, X"}, c ) = limsup,, ﬂuEN gphSk
R k
C mueN lim supy, (gphS}))

= muEN gphSl[
= GNEP({0,, X, }ven)-

(b) It follows from Theorem 24(b). O
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Remark 37. 1. Part (a) of Theorem 36 is an extension of [13] and [17, Theorem 1] to generalized

Nash games, where instead of multi-epiconvergence used in [17] we consider continuous convergence.

2. A natural question that arises is whether it is possible to obtain that:
GNEP({0,, X, },en) C liminf, GNEP({6%, X*},cn)?

The answer to this question is negative, as shown in [29, Example 1.1] for Nash equilibria.

For each € > 0, a vector & € R" is said to be an e-approximate generalized Nash equilibrium, if
z,e€X,(¢_,) and v, (Z_,) —e < 0,(x,,%_,), for all v € N.
We denote by GNEP.({0,, X, },en) the set of e-approximate generalized Nash equilibria. Clearly
GNEP({0,, X, },en) C GNEP.({0,, X, }ven), Ve > 0.
For each v € N, we define the multifunction S, . : R"~" = R™ by
Sye(x_y) ={x, € Xp(z_y) : v(z_y) —e < O,(xy,2_0)}

Clearly, gphS, C gphS, . and GNEP.({0,, X, },en) = (), en 2PhS, ..
The following example illustrates the previous definition.

Example 38. Let K7 = Ko = [0, +00[, X1, X2 be constant multifunctions that are equal to [0, +o0],
and 61,0;: R? — R be functions defined by 01 (z,y) = 1 —e~® and 6(z,y) = 1. Clearly,

GNEP({6,,X,}) =0 and GNEP.({,,X,}) = [ Ine, +oo[x[0, +od].

The following result extends [29, Proposition 1.13] to generalized Nash games.

Theorem 39. Let 0° 5 0, and X* % X, for every v € N. Then

(a) limsup, GNEP.({0%, X*},cn) € GNEP.({0,, X, },en), for all € > 0.

(b) limsup, GNEP., ({0%, X*},en) € GNEP({0,, X, }en), for all ex N\ 0.

Proof. (a) By Theorem 31(a), we have limsup; (gphS} ) C gphS, . for each v € N. Thus,

lim supy, GNEP. ({6}, X}'}en) = limsup; [ _ ephs}.
: k
- ﬂue v lmsupy, (gphSy )

c ﬂyeN gphS,
= GNEPE({ny XV}UGN)'
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(b) Once again, by Theorem 31(a), we have limsup, (gphS¥ . ) C gphS, for each v € N. Thus,

Vi€k
limsup, GNEP,, ({0%, X¥},cn) = limsup, m . gphS’,iEk
- ﬂuEN lim supk(gphSl’iEk)

(), o gPhS

= GNEP({GW XI/}ZIEN)'

O

Remark 40. Theorem 39 with X*¥ = K, for all v € N, can be deduced from [29, Proposition 1.13],

because continuous convergence implies assumptions (A7)—(A8) therein.

4.2 Stability finite-horizon dynamic programming models

As another application, we perturb one of the simplest dynamic programming models, namely, the
finite-horizon discrete discount model under certainty. Dynamic programming models have been
widely used by a number of authors in various well-known papers on economic theory as Arrow et
al. [3], Brock and Mirman [11], Kydland and Prescott [21], Lucas [27], and Lucas and Prescott [28],
among others. Discrete dynamic programming models are frequently useful to address some discrete
optimal control problems as done by Guigue et al. [16], Ha et al. [18], Murray and Yakowitz [30], and
Ramadge and Wonham [32], among others.

We study the stability of a discrete time discounted dynamic programming model. To be more
precise, of a finite-horizon version of the dynamic programming model under certainty as in Stokey

and Lucas [35]. The classical model is stated as follows:

Given z € R, find {z}}{_, € RT*! such that

T-1 T—1

k k
> Bu(apap) = sup > BRulak, wega),
k=0 {ze o €RTH! 120

subject to xy = = and zp41 € I'(zy), for all k € {0,...,T —1}.

Here, 3 € (0,1] is the discount rate, v: R? — R is a bounded function, and T': R = R is a multifunc-
tion. Let us define the mapping

Ulz,T] == {{zx}}_g € R""': 2 =z and zp11 € T(zy),Vk € {0,..., T — 1}}.

Berge’s theorem allows us to prove that the function p: R — R, defined by

T

p(zx) = sup Zﬁkv(xk,xkﬂ),
{mk}szEU[z,F] k=0
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is continuous when v is continuous, I' is nonempty-valued, continuous and locally bounded. Addition-

ally, the following Bellman equation holds:

w(x) = sup {v(z,y)+ Bu(y)}-
yel(z)

Moreover, the solution multifunction A: R = RT*!, defined by

-1
A(z) == {{xk}g_o € Ulx,TT: p(z) = Z 5kv($k7xk+1)}a
k=0

is nonempty-valued, osc and locally bounded (cf. Remark 5).

The perturbed model is defined as follows. Let I'”: R = R be multifunctions, v": R x R = R be
bounded functions and p™: R — R™ be functions for all n € N defined as the solution to
p'(x) = sup {o"(z,y) + Bu"(y)}.
yer(z)

Also, for each n € N, we define the solution multifunction A”: R — RT*! by

T-1
A"(z) 1= {{xk};f_o & Ule, ") p"(@) = 3 ﬂka,ka} .

k=0

Before stating the main result of this section, we need two lemmas.

Lemma 41. Let T7,T5: R = R be multifunctions, for all n € N. If T% 5 Ty, with {T'}} elb and
'y 5Ty, then T oT) S TyoTy.

Proof. Let 2" — z. If z € limsup,, ('} o T'})(z™), then there exists 2™ € I'y*(y™) and y"* €
7% (z™) for every k such that 2™ — z. By hypothesis there exists a subsequence {y"*i} of {y™*}
converging to some y € R. As Ty (y™) — Ty(y) (cf. Remark 10(4)) and z € lim sup; T, (y"™),
we infer that z € I'a(y). Since y € limsup, I'T*(z™) C T'1(z), we have z € I'y(T'1(z)). Hence
limsup,,(I'y o T'?)(z™) C (T o 1) (x).

If z € (T2 0T)(x), then z € Ta(y) for some y € T'y(z). As I'i1(z) C liminf, I'?(x™), there
exists y" € T'?(2") — y. Since I's(y) C liminf, I'}(y") C liminf, T3 (T} (2™)), we conclude that
z € liminf,, T'Z(T'T(2™)). Hence (I'y o T'y)(z) C liminf, (T'] o T'7)(2™). O

Lemma 42. Let K', Ki: R = R be given multifunctions for k € {1,...,T} and ®",®: R = RT
be multifunctions defined by ®"(z) = H:Zl K} (z) for every n € N and ®(z) := HZ:1 Ki(x). If
K 5 Ky, for every k € {1,...,T}, then " = &.

Proof. Tt directly follows by the convergence of factors in the cartesian product. O

Theorem 43. Let v 5 v and T 5 T. Then

(a) p™ = p.
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(b) limsup,, A"(z™) C A(x) for every ™ — x with A compact-valued.
(c) {A™} is elb.

(d) A(w) =Neso liminf, A™<(z") for every x™ — x, where

T-1
A" () = {{xk} CU[z,T"] iz =z, u"(x) < Z BFv™(xh, Trpr) + e} .
k=0

Proof. Let u™: RT+! — R be defined by u™(xq,r1,...,27) i= Zf;ol BFv™ (2, Tpr1). As o™ 5 v, we
have u™ % u. Let ®": R — R” be the multifunction defined by ®"(z) := {x} x 52—11 (k) (1), for
each n € N, where ™) :=T" o ... o™ (k times). By Lemmas 41 and 42, we have ®"* = ®, where
O(x) :={z} x Hf;ll I'®) (). By Corollary 24, the proof is complete. O

The model presented in this work is similar to the discrete discounted dynamic programming model
with a discontinuous value function introduced by Ausubel and Deneckere in [7]. In this case, our

convergence methods do not apply since we deal with continuous value functions.
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